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Abstract 

We address the question of detecting minimal virtual diagrams with 
respect to the number of virtual crossings. This problem is closely 
connected to the problem of detecting the minimal number of additional 
intersection points for a generic immersion of a singular link in R^. 

We tackle this problem by the so-called ^-polynomial whose leading 
(lowest) degree naturally estimates the virtual crossing number. 

Several sufficient conditions for minimality together with infinite se- 
ries of new examples are given. 

We also state several open questions about M-diagrams, which are 
minimal according to our sufficient conditions. 



1 Introduction 

One of the most important problems in the classification of knots and links 
is the problem of detecting the minimal crossing number. One of the striking 
achievements in that direction is the celebrated Kauffman-Murasugi theorem 
[Murl IThi] . for further generalizations see |Ma3j establishing the minimality 
of reduced alternating diagrams for virtual links. This theorem (conjectured 
by Tait in late 19-th century) was solved in late 1980-s by using a newborn 
polynomial: the Kauffman bracket version |Ka2j of the Jones polynomial [Jon] . 

In mid-90-s, Louis Kauffman introduced [Kalj a natural generalization of 
knots and links called virtual knot theory. This generalization can be treated 
both topologically (as knots in thickened 2-surfaces up to homotopy and sta- 
bilization/destabilization) and combinatorially (via a generalization of planar 
diagrams with a new crossing type — called virtual — allowed). Virtual knot 
theory played a crucial role in solving some problems about classical knots (see, 
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e.g., [GPVj ) and for understanding of some notions in classical knot theory, 
and stating new ones (see, e.g. [FKM] ). 

One of the most natural problems in virtual knot theory is to estimate clas- 
sical and virtual crossing numbers. For estimating classical crossing number, a 
lot of results were obtained (see, e.g., |Ma2t Miy , IMa3] and references therein) 



by using some generalization of the Kauffman-Murasugi theorem etc. 

The problem this present paper is devoted to is to estimate from below the 
virtual crossing number: a partial case of this theorem detects non-classicality 
of a link (in this direction we note the paper |DK] ). Note that this problem 
is closely connected to the problem of estimating minimal number of crossings 
for projecting a given singular link to a plane. 

We attack the virtual crossing number by using the ^-polynomial intro- 
duced independently by several authors (see |KRj . [Saw] . |SW] . [Malj . for the 
proof of their coincidence, see [BFj . for detecting non-classicality see also 
|Tep] ), and we use the definition by the second named author of the present pa- 
per: this definition includes a "counting variable" for virtual crossings, and it 
is natural that the degrees of the polynomial invariant in this counting variable 
estimates the virtual crossing number from below. 

The paper is organized as follows. 

The next section contains all basic notions and the main Theorem (Theo- 
rem 1) on virtual crossing estimates. 

In section 3, we prove some theorems delivering sufficient conditions for 
minimality and present several series of examples of minimal diagrams. 

We conclude our paper by section 4 with a list of unsolved problems. 
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2 Basic Notions and Constructions 

Virtual knot theory was invented by Kauffman around 1996, |Kal] . 

Definition 2.1. A virtual diagram is a 4-valent diagram in where each 
crossing is either endowed with a classical crossing structure (with a choice for 
underpass and overpass specified) or just said to be virtual and marked by a 
circle. 

Definition 2.2. A virtual link is an equivalence class of virtual link diagram 
modulo generalised Reidemeister moves. The latter consist of usual Reidemeis- 
ter moves referring to classical crossings and the detour move that replaces one 
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Figure 1: The detour move 



arc containing only virtual intersections and self-intersection by another arc of 
such sort in any other place of the plane, see Fig. [1] 

Throughout the paper, we deal only with oriented links. By an arc of a 
planar diagram we mean a connected component of the set, obtained from the 
diagram by deleting all virtual crossings (at classical crossing the undercrossing 
pair of edges of the diagram is thought to be disjoint as it is usually illustrated). 
We say that two arcs a, a' belong to the same long arc if there exists a sequence 
of arcs a = ao, . . . ,an = a' and virtual crossings Ci, . . . , c„ such that for i = 
1, . . . , n the arcs a^, Oj+i are incident to q from opposite sides. A planar virtual 
diagram is said to be proper, if it has no cyclic long arcs. It is easy to show 
that equivalent proper diagrams can be transformed to each other by using 
generalized Reidemeister moves in the class of proper diagrams. This can be 
done by adding/removing a curl (by using the first classical Reidemeister move) 
when necessary. For each proper diagram, the number of long arcs equals the 
number of classical crossings. In the sequel, we deal only with proper diagrams. 

Now, let us construct the ^-polynomial of virtual links (and its unnormal- 
ized version called (). 

Let D be a proper diagram of a virtual link D with n classical crossings. 
Let us construct an x n-matrix A{D) with elements from Z[t, s,t~^, s~'^] as 
follows. 

First, we enumerate all classical crossings of D by integer numbers from 1 
to n and associate with each crossing the ematnaing long arc. Each long arc 
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starts with a (short) arc. Let us associate the label 1 with latter arc. All other 
arcs of the long arc will be marked by exponents s'^, /c G Z, as follows. While 
passing through the virtual crossing, we multiply the label by s if we pass from 
the left to the right or by otherwise. 

Since the diagram is proper, our labeling is well defined. Consider a classical 
crossing Vi with number i. It is incident to some three arcs p,q,r, belonging 
to long arcs with numbers i,j, k, whence number j belongs to the arc passing 
through Vi. Denote the power of s of the label corresponding to q by aij, and 
that of the label corresponding to r by aik- 

Let us define the i-th row of the matrix A{D) as the sum of the following 
three rows yi,y2,y3 of length n. Each of these rows has only one nonzero 
element. The i-th element of the row yi equals 1. If the crossing is positive, 
we set 

y2k = -s^'%y3j = it-l)s''^^; (1) 

otherwise we put 

y2k = -s''^'t-\y3j = {t-'-l)s''^^ (2) 

We set C{D) := det A{D). In |Malj it is proved that if two virtual diagrams 
D, D' are equivalent then C(-D) = t\{D') for some integer /. 

Denote by degf and mdegf the leading (lowest) degree of monomials 
/ G Z[t, [s, s~^] with respect to variable s; if / = 0, we set degf = — oo, 
mdegf = +oo. 

Theorem 2.1. Let k be the number of virtual crossings of a virtual diagram 
D. Then degC{D) ^ k, mdeg ((D) ^ -k. 

Remark 2.1. deg({D) and mdeg ({D) are virtual link invariants. 

Proof. Let Wi, f„ be an arbitrarily enumerated classical crossings of a virtual 
diagram D, 7^, ...,7" be long arcs of D enumerated according to the rule: 7* 
is emanating from fj. Here ki denotes number of virtual crossing that belong 
to 7', 7q,...,7^, denote arcs on 7* enumerated in their sequence on the long 
arc. Now, using this notation, we can get another definition of Alexander-like 
matrix A = A{D). 

The polynomial [vi : 7^] G Z[t,t~^], defined in following way, is called an 
incidence coefficient of classical crossing Vi and arc 7^. If 7^ and Vi are not 
incident, we set [vi : 7^] = 0. If they are incident, we have the following 
options: the arc (1) is emanating from the crossing, (2) or passing through 
it, (3) or coming into it, or simultaneosly realize some of conditions (l)-(3); 
accordingly, [vi : 7^] is defined as a sum of some of three polynomials: 
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(1) 1; 

(2) t^^'"^' - 1; 

(3) -t^f"^- 

where sgn Vi denotes a local writhe number of crossing Vi (Recall that the local 
writhe number of a classical crossing is +1 for and —1 for The writhe 
number of a (virtual) diagram is the sum of local writhe numbers over all 
classical crossings). 

Thus, we set Aij := X]/^=o [^i '■ where deg^^^ denotes the power 

of variable s on arc 7^'. 

If we have a long arc passing through a virtual crossing, then this passing 
may be either increasing or decreasing (with respect to the power of s on 
the arcs of the long arc separated by the virtual crossing in question. More 
precisely, we say that a virtual crossing v is increasing on a long arc 7 between 
two consecutive arcs 7^ and 7i+i if the other long arc passing through v goes 
from the left to the right with respect to the orientation 7j and 7i+i. If the 
other long arc goes from the left to the right, we call this arc decreasing. 

We note that each virtual crossing is increasing for exactly one long arc 
and decreasing for exactly one arc. These two arcs may coincide if a long arc 
passes twice through a virtual crossing. 

Let Pj and g^, j = 1, ...,n, be numbers of increasing and decreasing virtual 
crossings on 7^ respectively. Then maxo^^^kjdeg jj^ ^ pj snad mino^f,^kjdeg jj^ ^ 

-Qj. Consequently, deg Aij = deg{Y^lto[vi ■ if^s'^^'^'^'') ^ maxo^f,<^k,deg 'yj,^ 

Pj and mdegAij = mdeg{Y.%Q [^i ■ 'li]s'^''^^''") > "min^^^^k^deg'^^^ ^ -q^ So, 
we have inequahties: 

deg Aij ^ maxo^^,^kjdeg 7;^ ^ Pj, mdeg Aij ^ -qj. (3) 

Hence, degCiD) = c?e5((X;^g5„(-l)'^^aii^<722.--^a„n) ^ max^^^sAdeg A^^i+ 
... + deg A^^n) ^Pi + .-.+Pn- Analogously, mdeg ({D) ^ min^^^sA^deg A„^i + 
... + mdeg A^^^) > -gi - ... - qn- 

Since every virtual crossing is increasing for exactly one long arc and de- 
creasing for exactly one long arc (possibly, the same), we get 

Pi + ...+Pn = k,qi + ... + qn = k. (4) 

Thus, deg C(-D) ^ pi + ... + Pn = k and mdeg C(-D) ^ —qi — ... — g„ = —k. 
The theorem is proved. □ 

3 Sufficient conditions for minimality 

Assume for a proper virtual diagram D we have deg C,{D) = k{D). Then for 
every virtual diagram D' which equivalent to D we have C{D') = t^C{D) =^ 
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k{D) = deg({D) = deg({D') ^ k{D') by Theorem 12.11 Thus, D has minimal 
possible number of virtual crossings. 

So, sufficient conditions for equality deg({D) = k{D) to hold are also 
sufficient for minimality of D with respect to the number of virtual crossings. 

Now, our aim is to find necessary and sufficient conditions, when the 
equation deg({D) = k{D) holds. Let Alj, Z G Z, be the coefficients of the 
polynomial Aij G Z[t, [s, s""*^] defined as follows. Aij = ^t^oo^lj^^- 
shall use the notation {f)k for the fc-th coefficient of / G i?[a;,a;~^]. Then, 
iCmk = (detAiD)), = (E.e5„(-l)^^^ii ^..2...A.„„), = E.e5„(-1)'^ 

Ah Aln _ V V ( — /I'l 4'" = 

Z^h,...,l„:h+...+l„=k ^(Til---^(7„n Z^li,...,l„:li+...+ln=k Z^creSn V ^aiV^cF„n 

Y.„^sS-^YK\i-Kln^ because A\^ = for / > pj by © and pi + ... +p„ = k 
by (H. So, (C(/^))fc = detT, where T^,- := Ag. 

Thus, to reach the maximal possible degree (minimal possible degree) of 
the ^-polynomial, we need T to be non-degenerate, which, in turn, is possible 
only when each long arc contributes its maximal possible (minimal possible) 
degree of s to a prefixed summand of the determinant of T. More exactly, we 
have the following. 

degC{D) = k{D) ^ det T{D) ^ 0. (5) 
The matrix T = T{D) satisfies following 

Statement 3.1. 1) detT{D) ^ => Vj TnaxQ^^<^kjd^g ijj, = Pj! 
2) Vj maxo<:f,^kjdeg-fl = pj =^ Tij{D) = [vi : 7^J. 

Proof. (1) Let us suppose that 3j maxQ<^^<^kjdeg •yj^ < pj. Then deg Aij = 

deg{YllLo[vi ■■ %]s'^''^^'') ^ maxo<^f,<^k,deg-fl^ < pj =^ Vi deg Aij < pj =^ 
yi Tij = v4g = ^ detT{D) = 0. 

(2) maxQ<^f,^k,deg-fl = pj =^ Vj deg-f^^ = pj and deg^y^ < pj for /j, ^ pj 

^ T,, = Ag- = (E^Lo h ■■ ij.K'''^)p, = h ■■ 7^,]. □ 

Statement 13.11 naturally leads to the following 

Definition 3.1. (1) An arc 7^^., j = l,...,n, degy^^. = pj, we called critical 
arc. It is an arc which has a greatest possible degree. 

(2) Virtual diagram D is called special, if every long arc of D contains a 
critical arc, i.e. Vj maxo^^^kjdeg = pj. In other words, increasing virtual 
crossings on each long arc are located in the beginning of this long arc. 

(3) For a special diagram D, the n x n-matrix T = T{D) G Z[t, 

Tij = [vi : ^i-], is called the T -matrix of special diagram D. It is composed of 
incidence coefficients of classical crossings and critical arcs. 

(4) We call a special diagram D with a nondegenerate T-matrix a T- 
diagram. 
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Figure 2: Special diagrams with deg ( < k 



From the definition above, statement 13.11 and relation ([5]), we easily con- 
clude 

Statement 3.2. A proper virtual diagram is T -diagram if and only if deg ({D) = 
k{D). Besides, for a special virtual diagram D the k-th coefficient of polyno- 
mial ( = C{D) is equal to determinant of T-matrix of this special diagram. 

Hence, if D is not special or it is special, but there is a critical arc which 
is not incident with some of classical crossing, or there is a classical crossing 
which is not incident some of critical arc, then deg({D) < k. These options 
are illustrated in Figure O 

Besides, by using Statement 13.21 we formulate an easier sufficient condition 
of minimality than come from Statement 13.21 Let us introduce following 

Definition 3.2. For a special diagram D, we call the nxra-matrix M = M{D), 
which indicates when the i-th classical crossing and the j-th critical arc (i.e. 
j-jj.) of D are incident, the incidence matrix of D. 

So, if Tij = [vi : 7^ 0, then Mij = 1. But the inverse statement is not 
true at all. For example if 7^^ is emanating from Vi, passing through it and 
coming into it, then [vi : = 0. 

Definition 3.3. We say that a classical crossing Vi of D is cyclic, if some arc 
of D is emanating from Vi, passing through it and coming into it. 

Thus, if a special diagram D does not have cyclic crossings, then T^j = [vi : 
7pJ 7^ 7^ 0- Consequently, if the permanent^ of matrix M is equal 

to 1, in other words, there is unique pairing of classical crossings and critical 
arcs, then detT{D) 7^ 0, consequently, D is minimal by Statement 13.21 Thus, 
we get 
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Figure 3: Special diagrams with perM > 1 



Theorem 3.1. // the permanent of the incidence matrix of a special diagram, 
which does not have cyclic classical crossings, is equal to 1 (i.e. there is unique 
pairing of classical crossings and critical arcs), then this virtual diagram is 
minimal with respect to the number of virtual crossings. 

In Figure [3] we illustrate that the sufficient condition for minimality, ob- 
tained from Statement 13.21 is much more difficult than the sufficient condition 
from Theorem 13.11 

For the left diagram in Figure [31 we have 
t - 1 -t 



detT 



Consequent 



1 1 



{t - ly - i-tnt-^ - If 



0. 





-t t-1 

- 1 1 

y, deg ( < 2 hj Statement 13. 2[ So, we can not conclude that the 



diagram is minimal. For the right diagram in Figure 3 we have 



detT 



1 

1 - 1 

-t-^ 

t-^ -1 -t-^ 



t- 



-r 



1 



(t-i - 1)^) 

is minimal. 

Theorem 13.11 naturally leads to 



(t-i - i)ri - (t-i - i){-t-^ 



t~^ - + ^-1 _ 1 ^ 0. Thus, the diagram 



Definition 3.4. A special diagram, which does not have cyclic classical cross- 
ings and has unique pairing of classical crossings and critical arcs, we call an 
M-diagram. 

For detecting nonequivalence of M-diagrams it is convenient to use the 
following two invariants. Let virtual link L have an M-diagram D. Then 
by Statement 13.21 and the property of (^-polynomial we have detT{D') = 
t'cietT(L)), where D and are M-diagrams of L. But detT (D) = det M{D)tij^...tnj„ 
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Figure 4: M-knots T and T 

(for some ji, ■■■,jn) can be rewritten in the form — l)'^, where e = ±1, 

^ ^ 0, 6 Z, because Uj = 1, - 1 or -t^^ and - 1 = - 1). 

Note that numbers e, a and /? quite defined for a product of polynomials 
±1, — 1, —t^^. Thus, numbers e and f3 are invariants for virtual link L. 

We can formulate the definition of the invariants e and /3 in a more geomet- 
ric way. M-diagram D has unique pairing of classical crossings and critical arcs. 
In the sense of this pairing, (3{D) is the number of classical crossings paired with 
critical arcs which are passing through them. e{D) = det M(D) (— 
where x{D) is the number of negative classical crossings (i.e. their local writhe 
number is equal to —1) which paired with critical arcs that are passing through 
they, y{D) is the number of classical crossings paired with critical arcs which 
are coming into they, detM{D) = ±1 characterizes oddness of the pairing of 
the M-diagram. 

Definition 3.5. We say that virtual link is M-link, if can be represented by 
an M-diagram. 

By using the ^-invariant, we prove that all M-knots shown in Figure H] are 
different. 

Indeed, we have M(T) = , det M = -1, x = 0, y = 1 ^ e{T) = 

det M {-l)y = 1; 

s{T) = det ^1 ( — 1)^(— 1)° = —1. The virtual knots shown in Figure 
[5] are distinguished by the /3-invariant. 

Indeed, P{Q) = 1, /^(Tg) = 2, but e-invariant does not distinguish between 

/I 1\ 

these knots, because we have e{Q) = det 11 (—1)° (—1)^ = 1 and 

\0 1 Oj 

em) = e{Tf = 1. Note that the equation £(T^) = e{Tf holds by the 
following construction of special sum of special diagrams. 
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& 

Figure 5: M-knots Q and T2 

For construction new T- and M-diagrams it is convenient to use following 
operation of connected sum of special diagrams. There are two types of arcs, 
which do not critical: pre-critical, which precede a critical arc on a long arc, 
and post-critical, which follow a critical arc. 

A connected sum of special diagrams Di and D2 (or, in other words, only 
one special diagram D = DiU D2, which is disconnected sum of diagrams Di 
and D2) is constructed by joining of following parts of arcs which belongs to 
D. The boundary of the planar graph of D consists of some edges of the graph. 
Each edge is a part of an arc of D (or the whole arc). We choose a pair of 
edges in the boundary of D which corresponds to a pair of pre-critical arcs (or 
post-critical arcs) of D = DiU D2 (in first case we talk about pre-critical sum 
of special diagrams, in the second case we talk about post-critical sum) and 
connect this pair, by using pair of lines which oriented in the opposite manner. 
We call this connected sum of special virtual diagrams special. 

It is clear that a special connected sum of special diagrams is special, too. 
Besides, each critical arc of D remains critical in the special connected sum 
for D. 

One of important characteristics of a special diagram is its T-matrix. So, it 
is important to compare the T-matrix of a special diagram D and the T-matrix 
of its special sum D. Let classical crossings and long arcs of diagrams D and 
D be enumerated correspondingly, i.e. the i-th long arc is emanating from the 
i-th classical crossing, i = 1, ...,n, and identical classical crossings of D and D 
have the same numbers. Let bi and bj be a pair of pre-critical (or post-critical) 
arcs of D which take part in the special sum. 7' D bi and 7-' D bj denotes long 
arcs of D. Let aj C 7* and aj C 7-' be critical arcs of D. ai C 7*, z = 1, ...,?t,, 
denote critical and long arcs of D. 

So, if the special sum, which is constructed by joining the arcs bi and bj, 
is pre-critical, then Hj = ai, Hi = aj, consequently, T{D) and T{D) differ only 
by the transposition of the i-th and the j-th columns. But if the special sum 
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is post-critical then a, C 7* and C 7-^, hence T{D) = T{D). 

Assume the diagram D is composed by two spht pieces Di and D2. Then 

T{D) = 

^ rpfn \ ] ^'^^ ^ convenient enumeration of classical crossings 



T{D2)^ 

of D. Thus, the above argument yields the following equalities for the con- 
nected sum D = Di + D2: 

det T{Di + D2) = ± det T{D) = ± det T{Di) det T^Di) 

perM{Di + D2) = per M{D) = perM{Di) perM^Di) 

Consequently, the T- and M-properties are invariant under the connected 
sum operation (Note that the connected sum of M-diagrams does not create 
cyclic crossings, since a set of critical arcs of a connected sum are obtained by 
the union of the sets of critical arcs of the summands, hence, the critical arc 
which is incident to a classical crossing three times, can not appear unless it 
exists in one of the summands). 

Thus, the connected sum operation described above allows to construct 
new M-diagrams from the old ones. Which of them form new M-links? To 
answer this question, it is useful to understand the behaviour of /? and e under 
the connected sum operation for M-diagram. 

Note that for M-diagrams, the connected sum preserves not only critical 
arcs, but also the pairings: classical crossing — critical arc. Thus, the invariant 
/3 which is equal to the number of classical crossings paired with overpassing 
critical arcs, satisfies the following equality: 

(3{D, + D2) = /3{D^)+(3{D2) 

The same argument yields x{Di + D2) = x{Di) + x{D2), y{Di + D2) = 
y{Di)+y{D2), where x is the number of negative classical crossings paired with 
critical arcs going over, and y is the number of classical crossings paired with 
incoming critical arcs. Besides, detM{Di + D2) = —detM{Di)detM{D2), 
if the connected sum is taken with respect to pre-critical short arcs, and 
detM{Di + D2) = detM{Di) detM{D2), if it is taken with respect to post- 
critical ones. This yields e(Di+D2) = detM{Di+D2) = 
±6{Di)6{D2), where the sign — or + is chosen according to the connected sum 
type: we take — for a pre-critical one and + for the post-critical one. 

The invariants e and (3 and the connected sum construction of M-diagram 
allow to construct the following four series of M-knots. 
1) The f2-series are shown in Fig. O 
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Figure 6: The M-knot Qn 




Figure 7: The M-knot Wn 



(\ ... 1\ 
1 ... 



n+2 



We have Mi^l 

... 10 

VO 1/ 

e{^n) = det M (-1)^ (-1)^ = -1. = 1. 

2) The VT-series are shown in Fig. [71 

/l l\ 

1 1 ... 1 



det M = 1, X = 1, y = 



We have M{Wn 
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det M = 1, the classical 



... 1 
\0 ... I J 

crossing Vi is paired with the critical arc Oj, i = 1, ...,n + 2, thus P{Wn) = 1; 
x = 0,y = 0, consequently e{Wn) = det M {-If {-l)y = 1. 
3) The T-series are obtained from M-knots T and T by using connected sums. 
This connected sum is represented schematically by a graph. The vertices 
of the graph correspond to virtual diagrams (summands, in our case T and 
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Figure 8: Examples of knots: T-series and their schemes 



T), and the edges correspond to the "tubes" 5° x / for the connected sums; 
these edges are of two types: pre-critical and post-critical, which is graphically 
represented by a wave line or by a straight line, respectively, see Fig. [HI 

Clearly, there are virtual diagrams with schemes T^T — Tr^T — ... — (~)T 

V ' 

n 

and T — Tr^T — Tr^... — (~)T. Denote these diagrams by T„ and T„, re- 

^ V ' 

n 

spectively. According to the above property of connected sums of M-diagrams, 
we^have e{A ^ B) = -e{A)e{B), e{A - B) = e{A)e{B). By e{T) = 1, 
e{T) = —1, this yields £:(T„) = 1 12=^0 or 1, and e(Tn) = 1 <;=^ 72=42 or 3, 
thus Tn Tn for all n. 

4) The Q-series are constructed by using connected sums of the diagram Q 
shown in Fig. [5l By applying the connected sum operation to Q, we can 
attach its parallel copies in four directions, see Fig. [9l 

As we see, in order to get a one-component link, it is not necessary to take 
a tree for a scheme of a Q-knot. 

To distinguish the knots from Q-series, let us use the e- invariant. Since 
e{Q) = 1, the value of e on a connected sum of r copies of Q is equal to +1 
if and only if the number of wave lines in the scheme is even. Thus, for r ^ 2 
there are at least two knots in the Q-series, for which the minimal virtual 
crossing number is equal to 2r, since in the scheme of connected sum we may 
change the parity of the number of wave lines. 

The information about these series is collected in the following table. 
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Figure 9: Constructing the Q-series of knots 









T T 


Qn,n = 2r 


£ 


-1 


1 


±1 


±1 




1 


1 


n 


n 










2 


The number of clas- 










sical crossings 


n + l 


n+2 


2n 




In 



Hence, for n ^ 2 the knots Wn, T„, T„ are pairwise distinct, and for even 
n ^ 4 the knots fin, Wn, Tn, Tn, Q'^, Q'n ci-re pairwise distinct, where Q^, are 
any two Q-knots with minimal virtual crossing number n. It is easy to check 
that for n = 1 the series listed above consist of the following three knots: 

Ti,fi 

4 Discussion and open questions. 

It is known that classical links embed into virtual links. More precisely, if 
two classical diagrams are connected by a chain of virtual Reidemeister moves, 
then they can be connected by a chain of classical Reidemeister moves (see 

mm)- 
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There is an analogous question between the relation of virtual links gener- 
ated by M-diagrams and all virtual links. 

If one wants to classify some objects, say, virtual links, it would be natural 
to split the object of classification into some "layers" : say, classical links (those 
having no virtual crossings at all), links with one virtual crossing, links with 
two virtual crossing etc. Possibly, one may tackle this problem by using a 
subset of links represented by M-diagrams. 

Therefore, we list some open questions concerning M-property. 
Conjecture 1. M-property of proper virtual diagrams is stable with respect 
to the virtual Reidemeister 

Conjecture 2. If virtual diagrams are equivalent and satisfy M-property, 
then they are connected by Reidemeister moves ^^1, ^^2? r^Q. 

Moreover, it can be formulated more strong 
Conjecture 3. // virtual diagrams D and D' are equivalent, D satisfies 
M-property and D' is minimal, then D' satisfies M-property. 

Finally, we address the following two questions. 

1) Is the number of nonequivalent M-diagrams which have the same fixed 
number of virtual crossings, finite? 

2) Is it true that the number of classical crossing for a one-component M- 
diagram grater than the number of virtual crossings? 
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